The direct domain coupling of spontaneous ferroelectric polarization and net magnetic moment can result in giant magnetoelectric (ME) coupling, which is essential to achieve 
Introduction
Multiferroic materials, in which two or multiple ferroic orders coexist, have drawn a great deal of attentions due to their fundamental importance and potentials for the next generation devices [1] [2] [3] . However, in most multiferroics, the magnetoelectric (ME) coupling strength is quite weak, especially in linear-ME materials 4 , which limits their practical applications.
Therefore, multiferroics with the direct domain coupling between spontaneous magnetization (M) and polarization (P) are highly sought after. The direct domain coupling can result in giant ME coupling, enabling the mutual control in the sense that flipping one of M or P can induce the flipping of the other. This direct domain coupling effect has been partially achieved, for example, at the hetero-interfaces of bilayer films. M in one film layer can be flipped by flipping P in the other film layer by electrical fields, however not the other way around 5 . The similar situation has also been discovered in single-phase Dy 0. be the only two single-phase materials that contain spontaneous M and magnetism-induced P, which can be flipped by the magnetic field. However, their P magnitude is tiny for any applications, and flipping P (thus, M) with electrical fields cannot be achieved due to the small magnitude of P. Recently, a theoretical study suggests that the single-phase hexagonal LuFeO 3 (h-LuFeO 3 ) system may have the potential to realize this ideal effect with the direct 3 3 domain coupling between its ferroelectricity (FE) and weak ferromagnetism (WFM) 10 . Thus, it is of great importance to study experimentally the possibility of a direct domain coupling effect in h-LuFeO 3 , which is energy efficient and highly desirable for future applications.
Meanwhile, the recent ME coupling study on h-LuFeO 3 /LuFe 2 O 4 superlattices 11 demonstrates the capability of electrical field control of magnetism near the room temperature, which indicates h-LuFeO 3 and its related compounds are promising for future applications. However, with little knowledge of the intrinsic ME coupling of h-LuFeO 3 itself, a full understanding of the ME coupling in superlattices and other related materials is unrealistic.
For the possible giant ME coupling, h-LuFeO 3 systems in the P6 3 cm polar structure ( Figure   1a ) has attracted a significant research attentions, since this metastable hexagonal phase of its orthorhombic bulk form was reported to be stabilized in thin film form by epitaxial strain 12, 13 or in bulk by Sc or Mn doping [14] [15] [16] . Samples in both forms are believed to show similar physical properties despite different approaches used for the synthesis (see Supplementary   Information , note 1 for details). They exhibit robust ferroelectricity well above room temperature, similar to the well-studied multiferroic hexagonal RMnO 3 (h-RMnO 3 , R=rare earth) 17, 18 . Their improper ferroelectricity due to the structural instability is associated with the structural trimerization. The trimerization drives the FE transition from the non-polar P6 3 /mmc to the polar P6 3 cm structure and results in a two-up/one-down (or two-down/one-up) displacement of R-site ions, which, in turn, leads to ferroelectric polarization along the c axis. is a unique candidate where a direct mutual control of P and M domains can be explored.
Results
Despite all of these extensive investigations, the intrinsic FE domain structure in h-LuFeO 3 is still unexplored, and the direct experimental study of the ME coupling in h-LuFeO 3 is absent.
One of the main reasons is the instability of the h-LuFeO 3 phase at ambient synthesis conditions, which makes it challenging to synthesize bulk single crystals. Here, we report a successful growth of high-quality highly-cleavable h-Lu 1-x Figure 1d , while an image of the whole as-grown crystal is shown in the inset. From room-temperature piezoresponse force microscopy (PFM) Figure S2 ) due to the self-poling effect during the annealing process, which is also commonly observed in h-RMnO 3 compounds 24 .
We plotted the density of topological defects (vortices and antivortices) in PFM images vs.
the cooling rate (Figure 2e ). The h-Lu 0.6 Sc 0.4 FeO 3 tends to show a much higher density of topological defects, compared with h-RMnO 3 (e.g. ErMnO 3 and TmMnO 3 , data obtained from ref. 25) , even though it has a higher T C than, e.g., ErMnO 3 (T C ≈1129 °C ). Note that a higher- to be further studied in the future, especially in the slowly-cooled range where the pinning effect by structural defects are minimized. We emphasize that we have observed the cloverleaf-pattern FE domains in h-LSFO, which has not been reported before, e.g., in epitaxial h-LuFeO 3 thin films 12 . Note that h-LuFeO 3 films are typically synthesized at 700 °C -900 °C , which is well below the T C . Thus, it is possible that films may have significant chemical/structural disorders, resulting in ultra-fine irregular FE domains or single FE domain due to surface boundary conditions. 
B. Magnetism
The magnetic susceptibility of LSFO2 in magnetic fields along and perpendicular to the c axis should remain unchanged, we could confidently draw the conclusion that they are decoupled.
C. ME coupling
There are two and only two possible types of coupling among ferroelectric polarization, structural antiphases, and A 2 -type antiferromagnetic spins that have been theoretically proposed 10 . They may result in different relationships among FE (P= ±P), WFM (M c = ±M c , magnetization along the c axis), and ME ( c = ± c , ME coefficient along the c axis) domains, where P= c  M c . First, note that within unit-cell translation, structural distortions such as oxygen distortions rotate |/3| across one FE domain wall, which is a structural antiphase boundary at the same time, so that the six domain structure in Figure 4 is a topological vortex. Now, in the first case (Figure 4a ), in-plane spins rotate |Δ| = 2/3 across one FE domain wall. In this case, FE domains are directly coupled with WFM domains but decoupled from ME domains. So WFM domains and FE domains must exhibit an identical pattern. In the other case (Figure 4b ), in-plane spins rotate |Δ| = /3 across one FE domain wall, which is in the same manner as structural distortions. So FE domains will be decoupled with WFM Figure   S6 ). Moreover, the similar magnetic susceptibility and PE loop can also be reproduced in different crystal pieces ( Figure S7 ) that are cleaved from the same batch, which is an indication of uniform ferroelectric and magnetic properties within the batch. Figure 4d illustrates the zoom-in view of the dotted area in Figure 4c , and the 3D spin configurations of trimerized Fe 3+ are drawn for each domain. Another evidence of this domain decoupling between FE and WFM is the absence of magnetoelectric current (or P switching) when M c is switched by magnetic fields (see Figure S8 and Supplementary Information note 3 for details). 
Discussion

Methods
Crystal growth
High-quality h-Lu 0.6 Sc 0.4 FeO 3 single crystals were grown using a floating zone method under 0. 
PFM and MFM measurements
For all the PFM measurements, AC 5V at 68 kHz was applied to a tip (a commercial 
Data availability
All relevant data are available from the authors upon request. The image of the whole crystal before cleaving is shown in the inset. We could estimate the minimum induced current (I min ) if a 180° polarization flipping happens when sweeping the field by having the following experimental parameters: electrode contact area (S=0.00021 cm 2 ), sweeping speed of magnetic fields (v=0.02 T/s), the saturated polarization according to PE loops (p=1 μC/cm 2 ). For the worst case, we assume the polarization flips during the whole field sweeping process (from 0 T to 9 T) which takes t= 9
T/ (0.02 T/s) = 450 s. Then I min = 2PS/t = 0.9 pA, which is at least 9 times of our current sensitivity (< 0.1 pA) in the measurement. Therefore, the absence of magnetoelectric current when sweeping magnetic fields is the strong evidence of the decoupling between WFM and FE domains.
Note 4: Structural topological charge and magnetic topological charge
A topological vortex concept is essential to understand the decoupling between FE and WFM domains. Here, structural distortions and spins of the identical sites by unit-cell translations (e.g. sites with darker grey triangle backgrounds in Figure 4a and 4b) need to be considered and compared. As the structural (e.g. oxygen) distortion directions (defined by the angle  in Figure 4 ) rotate 60° between two adjacent domains, the total around the merging point becomes 2which can define a topological charge (or the winding number n s ) of 1. Figure 4b ), and spins rotate by 120° between two adjacent domains in the other case (i.e. the magnetic topological charge n m of 2 around a merging point, Figure 4a ). Our MFM results are completely consistent with the former even though the theory proposed the possibility of both. This indicates that the magnetic topological charge (n m ) tends to be identical with the structural topological charge (n s ), which leads to the decoupling of FE and WFM domains. Therefore, we propose it is necessary to consider topological properties when ME coupling is studied in h-LuFeO 3 .
